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Abstract
In our paper [RM02a] we describe an approach to weak bisimulation for coalgebras
and show that parts of the theory of universal coalgebra (with strong bisimulation)
can be obtained when considering coalgebras with weak bisimulations and weak
homomorphisms. In the present paper we focus on uniformly adapting modal logics
that characterise strong bisimulation for coalgebras to several kinds of observation
equivalences.
1 Introduction
Coalgebras are widely accepted as models for systems, see e.g. [Rei95,Rut00].
The crucial notion in that respect is the notion of (strong) bisimulation of
coalgebras for a functor. Coalgebraic bisimilarity is the counterpart for what
Hennessy and Milner call observation congruence in [HM85]. Most applica-
tions of coalgebras rely on this notion.
However, in process algebra many other kinds of (weak) observation equiv-
alence have been investigated. The best-known of these equivalences is the
one associated to weak bisimulation. The idea that weak bisimulation can be
deﬁned as strong bisimulation of a suitable abstraction of the considered sys-
tem, gave rise to a similar approach to weak bisimulation for coalgebras. In
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his paper [Rot02], the ﬁrst author describes such an approach for coalgebras
of polynomial functors. A more general theory was introduced in [RM02a],
now being able to deﬁne weak bisimulation for a larger class of functors. It
recently turned out, that many other bisimulation equivalences, such as delay
bisimulation and branching bisimulation can be covered by a slightly more
general approach. A paper [RM] is currently in preparation.
While considering a certain kind of observation equivalence, it is often
interesting to ﬁnd logics that characterise the investigated equivalence, i.e. it
should be possible to distinguish states of systems that do not belong to the
equivalence by means of logical formulae, whereas equivalent states should
have equal logical theories. Examples for such logics are weak and strong
Hennessy-Milner-Logic (see e.g. [HM80,Sti01]).
Similarly to process algebra, modal logics for coalgebras have been inves-
tigated. While modal logics for coalgebras can now be used in speciﬁcation
languages, cf. [Cˆır02] and [Tew02], earlier papers mainly focused on logical
characterisation of bisimilarity, see e.g. [Mos99], [Kur98]. In the present pa-
per, we propose a general approach to modal logics for coalgebraic observation
equivalences, combining Martin Ro¨ßiger’s ideas for many-sorted modal logics
from [Ro¨ß00a] and Dirk Pattinson’s approach in [Pat01]. We obtain a recipe
for logics that characterise behavioural equivalences, for many kinds of bisim-
ulations.
Our report is organised as follows: In the next section we recapitulate some
deﬁnitions from our mentioned papers and state some results about coalgebraic
observation equivalences. The third section investigates boundedness of the
observable part of a coalgebra. Finally, in Section 4, we propose an approach
to logics for observation equivalences.
2 Preliminaries
Our workplaces are the categories Set of sets and total functions, and Rel,
whose objects are sets and morphisms are relations. While the former is well-
known, we would like to recapitulate a few facts about the latter:
• A morphism R ⊆ A × B is epi in Rel if and only if for all b ∈ B, there is
an a ∈ A, such that R(a) := {b′| 〈a, b′〉 ∈ R} = {b}.
• A Set–endofunctor F is extended by a Rel–endofunctor G if and only if
F (X) = G(X) for all sets X and grf(F (f)) = G(grf(f)) for all functions
f : A B, where grf(−) denotes the graph of a function. The action of G
on a relation R ⊆ A × B is then given by G(R) = F (π2) ◦ F (π1)−1, where
π1 and π2 are the projections from R to A and B, respectively. We will call
Set–endofunctors that can be extended to Rel relators. As a special case
of a result in [CKW91], a functor F can be extended by some G if and only
if F preserves weak pullbacks. Since the extension of F is uniquely deﬁned,
we will use the functor symbol F to denote its extension as well.
304
Rothe and Masˇulovic´
2.1 Coalgebras
For a given Set-endofunctor F , an F–coalgebra A = 〈A,α〉 is a set A together
with a function α : A F (A). An F–coalgebra-morphism from a coalgebra
A to a coalgebra B is a function f : A B, such that F (f) ◦ α = β ◦ f . F–
coalgebras with coalgebra-morphisms form the category SetF . A relation R ⊆
A× B is a bisimulation, if there is a transition structure ρ : R F (R) such
that the projections π1 : R A and π2 : R B are coalgebra-morphisms
from 〈R, ρ〉 to A and B, respectively. For a ∈ A and b ∈ B, we write a↔ b if
there is a bisimulation R containing 〈a, b〉.
In the following we will frequently use coalgebras of the functor Flts =
P(L× Id) where P is the covariant powerset functor, L is a constant functor
and Id is the identity functor. Such coalgebras are labelled transition systems
over the ﬁxed set L of transition labels. As usual in process algebra we will
require a distinguished label τ ∈ L which denotes hidden transitions. We
denote the set of observable labels of L by Lo := L \ {τ}. As usual in process
algebra, we will denote l–transitions from state a to state a′ by a l a′ and
possibly empty sequences of τ–transitions by  .
If F is a relator, a relational F–coalgebra A = 〈A,α〉 is a set A together
with a relation α ⊆ A×F (A). As before, a function f : A B is a coalgebra-
morphism from A to B, if F (f) ◦ α = β ◦ f . Relational F–coalgebras with
functional morphisms form a category which we denote by RelF
4 . It is easy
to see that RelF is concretely isomorphic to SetP◦F where P is the covariant
powerset-functor.
2.2 Specifying Observable Parts of Coalgebras
In the following we recapitulate some of the deﬁnitions and results from
[RM02b] and the upcoming [RM].
Deﬁnition 2.1 [Natural Relation] A natural relation η is a family (ηX ⊆
F (X) × G(X)) of relations indexed by sets X such that for all functions
f : X Y the diagram
F (X)
ηX 
F (f)

G(X)
G(f)

F (Y )
ηY G(Y )
commutes in Rel.
The original version of natural relations introduced by Pattinson in [Pat01]
is a special case of our natural relations. We shall use the notion of natural
4 Note that this category is not the category of relational coalgebras with relational mor-
phisms introduced by Jan Rutten in [Rut98].
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accessor of functor F to emphasise these natural relations from F to the
identity functor Id.
Next let us deﬁne a semantical way to capture “subfunctors” in the sense
of [Ro¨ß00b]:
Deﬁnition 2.2 [Natural Divisor] Let F and G be relators. Then G naturally
divides F (or: G is a natural divisor of F ), written G  F , if there is a
natural relation η = (ηX ⊆ F (X) × G(X)) such that all ηX are epi in Rel
except possibly for X = ∅.
To stress that η is a witness for the fact that G divides F , we shall occa-
sionally write η : G  F .
Proposition 2.3 The following properties hold for all functors F, F ′, G,G′:
(1)  is a pre-order.
(2) If F ∼= G then F  G and G  F .
(3) For the constant functor ∅ that maps every set to the empty set, ∅  F .
(4) If F = ∅, then 1  F for the constant functor 1 that maps every set to
the singleton set 1 = {∗}.
(5)  is stable under coproducts, products and constant exponents. That is,
if F ′  F and G′  G, then F ′ + G′  F + G, F ′ × G′  F × G, and
(F ′)A  FA for arbitrary sets A.
(6) Given relators F and G, F  F + G, F  F × G for G = ∅, and
FA  FA∪B for disjoint sets A and B.
(7) For relators F , F ′, G, and G′, F ′  F and G′  G implies that F ′ ◦G′ 
F ◦G.
Example 2.4 Lo × Id  Flts. To see this, one needs to ﬁnd an appropriate
natural relation. Deﬁne for an arbitrary set X
ηX = {〈S, 〈l, x〉〉| 〈l, x〉 ∈ S} ⊆ Flts(X)× (Lo ×X).
Then the family of relations (ηX) indexed by sets is natural and ηX is epi in
Rel for X = ∅.
Deﬁnition 2.5 [Skip] Suppose F is a relator. Then an F–skip is a family
σ = (σA ⊆ A× A)A∈SetF of relations indexed by F–coalgebras, such that for
every two SetF–coalgebras A and B and every coalgebra-morphism f : A →
B, the following diagram in Rel commutes:
A
f 
σA

B
σB

A
f B.
Example 2.6 For every Flts–coalgebra A let σA be deﬁned as 〈a, b〉 ∈ σA if
and only if a  b in the corresponding LTS. Then σ is a skip.
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Some notions of bisimulation, such as η–bisimulation and branching bisim-
ulation rely on the ability of copying the state of a system, before a transition
occurs. To model this, we introduce the following:
Deﬁnition 2.7 [Extension of a Relator] Let F be a relator. Then an ex-
tension E = 〈F̂ , (̂−)〉 of F consists of a relator F̂ together with a concrete
functor
(̂−) : SetF SetF̂ .
Example 2.8 Assume a relator F . Then F̂ = Id together with the functor
(̂−) : SetF SetId : A   〈A,1A〉
is an extension of F . Intuitively, the transition structure of the extension Â
of a coalgebra A just copies its argument. Let us denote this extension by E0.
Also F̂ = F together with the functor
(̂−) : SetF SetF : A  A,
is an extension of F . We shall denote this extension by E1.
Copying of states can be modelled by F̂ = Id×F together with the functor
(̂−) : SetF SetId×F : A = 〈A,α〉   Â = 〈A, 〈1A, α〉〉,
i.e. α̂(a) = 〈a, α(a)〉.
Deﬁnition 2.9 For an extension E of a relator F , an E–skip is a family
of relations (ρA ⊆ F̂ (A) × F̂ (A)) indexed by F–coalgebras such that for all
F–coalgebra-morphisms f : A B the following diagram in Rel commutes:
F̂ (A)
ρA

F̂ (f)  F̂ (B)
ρB

F̂ (A)
F̂ (f)
 F̂ (B).
Next let us describe an obvious way to obtain E–skips from F–skips:
Proposition 2.10 Assume σ is an F–skip for some relator F , and let E =
〈F̂ , (̂−)〉 be an extension of F . Then ρ given by ρA = F̂ (σA) for every F–
coalgebra A is an E–skip.
Example 2.11 The family of relations ρ given by ρA = P(L× σA) ⊆ P(L×
A) × P(L × A) for every Flts–coalgebra A deﬁnes an E1–skip. Explicitly,
〈S1, S2〉 ∈ ρA if for all 〈l, x′〉 ∈ S2, there is an x ∈ X, such that 〈l, x〉 ∈ S1
and x x′; and for all 〈l, x〉 ∈ S1, there is an x′ ∈ X, such that 〈l, x′〉 ∈ S2
and x  x′. Intuitively, for every labelled transition system A, ρA performs
a number of invisible steps on the elements of P(L× A).
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Deﬁnition 2.12 Let F be a relator. An F–abstraction A = 〈σ,E, ρ,G, η〉
consists of an F–skip σ, an extension E = 〈F̂ , (̂−)〉 of F , an E–skip ρ, and
η : G  F̂ . The observable part of the transition structure α of an F–
coalgebra A with respect to an abstraction A shall be denoted αA and given
by αA := ηA ◦ ρA ◦ α̂ ◦ σA, pictorially:
G(A)
A
αA

σA
A α̂
 F̂ (A) ρA
 F̂ (A)
ηA

To stress that σA is applied before α̂ and ρA after the coalgebraic transitions
occur, σ and ρ will also be called pre-skip and post-skip, respectively.
Example 2.13 Let A0 = 〈σ,E1, Flts(σ), (Lo×Id), η〉 with deﬁning components
as in the previous examples. Then for every Flts–coalgebra A, 〈l, b〉 ∈ αA0(a)
if and only if a  · l ·  b in the corresponding LTS.
Similarly, deﬁne A1 = 〈σ,E0, σ, Id, η1〉 with η1 : Id  P(L × Id) given by
x ∈ η1X(S) if and only if 〈τ, x〉 ∈ S for all sets X, x ∈ X and S ⊆ L×X. Then
for every Flts–coalgebraA, b ∈ αA0(a) if and only if a  b in the corresponding
LTS.
Deﬁnition 2.14 [Observer] An F–observer is a set-indexed family of F–
abstractions O = (Ai = 〈σi, Ei, ρi, Gi, ηi〉)i∈I . For a given observer O, the
Rel–endofunctor O shall be deﬁned as the product of the Gi in Rel, i.e. O(X)
is the disjoint union of (Gi(X))i∈I .
The observable transition structure αo of an F–coalgebra A with respect
to an F–observer O is deﬁned by the Rel–tupling of the observable parts
with respect to the abstractions in O, i.e. αo = 〈αEi〉i∈I ⊆ A × O(A). The
observable part of A with respect to O is then Ao = 〈A,αo〉.
2.3 Bisimulations
Deﬁnition 2.15 [O–Bisimulation] Suppose F is a relator and O is an ob-
server for F . Then a relation R ⊆ A × B is an O–bisimulation between two
coalgebras A and B, if and only if R is a bisimulation in RelO between the
observable parts Ao and Bo of A and B with respect to O.
We will call two states a ∈ A and b ∈ B O–bisimilar, written a ∼↔O b if
there exists an O–bisimulation containing 〈a, b〉. If O is clear from the context,
we will write a ∼↔ b.
To better distinguish between between “classical” bisimulations and O–
bisimulations, we refer to the former one as strong bisimulation in the follow-
ing. O–bisimulations can capture many notions of bisimulation, but let us
start with a result that O–bisimulations are generalisations of strong bisimu-
lation.
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Theorem 2.16 Let F be a relator, and suppose the observer O contains only
one abstraction A = 〈σ,E, ρ, F, η〉 where the pre-skip σ is given by σA = ∆A,
E is given by F̂ = F and Â = A, the post-skip ρ is determined by ρA =
F (∆A) = ∆F (A), and η : F  F is ηA = ∆F (A).
Now consider coalgebras A and B, and a relation R ⊆ A× B. Then R is
a strong bisimulation between A and B if and only if it is an O–bisimulation
between A and B.
Proposition 2.17 Let the observer O = (A0, A1) contain the abstractions A0
and A1 from Example 2.13. Now consider Flts–coalgebras A = 〈A,α〉 and
B = 〈B, β〉 and a relation R ⊆ A×B. Then R is an O–bisimulation between
A and B if and only if R is a weak bisimulation between the LTS modelled by
A and B, respectively.
Similarly to the previous proposition, many other kinds of bisimulation,
such as delay bisimulation and branching bisimulation can be deﬁned by suit-
able observers O.
Deﬁnition 2.18 [Homomorphism] Given F–coalgebras A and B and an ob-
server O, a function f : A B is an O–coalgebra-morphism (or alternatively
O–homomorphism) from A to B if and only if it is a coalgebra-morphism from
Ao to Bo in RelO.
Intuitively, this means that an O–homomorphisms is a function that pre-
serves observable behaviour with respect to O.
Proposition 2.19 Given a relator F and an observer O for F , functional F–
coalgebras together with O-homomorphisms form a category. We shall denote
the category by SetOF .
Theorem 2.20 Fix an arbitrary relator F and an observer O of F . Let A,
B, and C be SetOF –coalgebras. Then the following hold:
(1) For all O–homomorphisms f : A  C and g : B  C the pullback of f
and g in Set is an O–bisimulation between A and B.
(2) Assume (Ri)i∈I is a family of O–bisimulations between coalgebras A and
B. Then ⋃i∈I Ri is an O–bisimulation between A and B.
(3) For every F–coalgebra A, there exists the largest O–bisimulation θA on
A, and it is an equivalence relation.
(4) SetOF is equivalent to a full subcategory [Set
O
F ] of RelO.
In the following we will refer to [SetOF ] as the category of observable parts of
F–coalgebras with respect to O. Now let Φ be the ﬁnal F–coalgebra in SetF ,
Φo be its observable part with respect to observer O, and Θ be the greatest O–
bisimulation on Φ. Let us emphasise that, becauseRelO ∼= SetP◦O, coalgebras
A in RelO can be factored by RelO–bisimulation equivalences R on A.
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Theorem 2.21 For every F–coalgebra A there exists a unique RelO–homo-
morphism wA from Ao to the quotient of Φo/Θ of Φo by Θ.
Corollary 2.22 Let A and B be functional F–coalgebras and let wA and wB
be the RelO–morphisms from Ao and Bo to Φo/Θ given in the previous theorem.
Then for all a ∈ A and b ∈ B, wA(a) = wB(b) if and only if a ∼↔ b.
We will call Φo/Θ the ﬁnal object of [Set
O
F ] in RelO in the following, using
the deﬁnition of ﬁnal object of a subcategory in a category from [Masˇ02].
3 Boundedness
In this section we show that under some conditions, the relation αo cannot
connect arbitrarily many elements of G(A) to an element a ∈ A.
Deﬁnition 3.1 A relation R ⊆ A × B is κ–bounded for some cardinal κ if
and only if for all a ∈ A, |R(a)|  κ. The relation R is just called bounded,
if there exists a cardinal κ, such that R is κ–bounded.
A family of relations (Ri ⊆ A × B)i∈I indexed by a set or class I is κ–
bounded if there is a cardinal κ, such that for every i ∈ I, Ri is κ–bounded.
3.1 Bounded Functors
Deﬁnition 3.2 A functor F is called M–bounded for a set M , if for every
F–coalgebra A and every a ∈ A, there is a subcoalgebra S ⊆ A such that
a ∈ S and |S|  |M |. F is called bounded, if there is a set M , such that F is
M–bounded.
A functor F is called M–small if for every set A = ∅, and every t ∈ F (A),
there exists a function ϕ : M A and anm ∈ F (M), such that F (ϕ)(m) = t.
F is called small if there exists a set M , such that F is M–small.
Deﬁnition 3.3 Let F and G be Set–endofunctors. Then η : F G is a
surjective natural transformation, if ηX is surjective for all X = ∅.
The following theorem from [GS02] will be used to obtain the main results
of this section:
Theorem 3.4 For every functor F , the following are equivalent:
(1) F is bounded.
(2) F is small.
(3) There exist sets C and M and a surjective natural transformation η :
C × (Id)M F .
The proof of the previous theorem from [GS02] also shows that if F is
M–bounded, then it is M–small and then there exists a set C and a surjective
natural transformation from C × (Id)M to F . Passing from item (3) to item
(1), a surjective natural transformation η : C×(Id)M F only proves that F
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must beM∗–bounded, whereM∗ is the set of all ﬁnite words over the alphabet
M .
Lemma 3.5 If F is M1–bounded for some set M1 and G is M2–bounded for
a set M2, then F ◦G is bounded by (M1 ×M2)∗.
Proof. From the previous theorem it follows that there must be sets C1 and
C2, and surjective natural transformations η : C1 × (Id)M1 F and µ : C2 ×
(Id)M2 G. The horizontal composition of η and µ is a surjective natural
transformation
η & µ : C1 × (C2 × (Id)M2)M1 F ◦G.
Since C1 × (C2 × (Id)M2)M1 ∼= (C1 × (C2)M1) × (Id)M1×M2 , there must be a
surjective natural transformation (C1× (C2)M1)× (Id)M1×M2 F ◦G. By the
proof of Theorem 3.4 in [GS02], F ◦G must be (M1 ×M2)∗–bounded. ✷
Lemma 3.6 Assume F is M–bounded, and η : G  F . Then
(1) G is M–small and M∗–bounded,
(2) There is a set C, such that η is |C ×MM |–bounded.
Proof.
(1) By Theorem 3.4, it suﬃces to prove that G is M–small. Since F is M–
bounded, F is M–small, i.e. for every set A and every t ∈ F (A), there is
a function ϕ : M A, and an m ∈ F (M) with F (ϕ)(m) = t.
Assume A = ∅ and g ∈ G(A). Then there is a t ∈ F (A), such that
{g} = {g′| 〈t, g′〉 ∈ ηA} since ηA is epi. Hence there are ϕ : M A and
m ∈ F (M), such that F (ϕ)(m) = t and ηA(t) = {g}, so ηA ◦ F (ϕ)(m) =
{g}. Since η is natural G(ϕ) ◦ ηM(m) = {g}, which implies that there
is an element h ∈ ηM(m) ⊆ G(M), such that G(ϕ)(h) = g. Hence G is
M–small and thus M∗–bounded by Theorem 3.4.
(2) Assume F is M–bounded. Then it is M–small. Hence, for every a ∈
F (A), there must be a function ϕ : M A and an m ∈ F (M), such
that F (ϕ)(m) = a. Keep m ﬁxed for the following.
Now assume b ∈ ηA(a) = (ηA ◦ F (ϕ))(m). Naturality of η implies that
b ∈ (G(ϕ) ◦ ηM)(m). Hence
|ηA(a)|  |G(ϕ)(ηM(m))|  |G(ϕ)(G(M))|  |G(M)|.
Since F isM–small, G is alsoM–small by the argument in item (1), hence
there exists a set C, such that there is a surjective natural transformation
from the functor C × (Id)M to G. Thus for any set A and a ∈ A
|ηA(a)|  |G(M)|  |C ×MM |.
✷
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3.2 Bounded Skips
Next we will show that every F–skip is bounded if F is a bounded relator.
Lemma 3.7 Suppose F is a relator, σ is an F–skip, A is an F–coalgebra,
a ∈ A, and S ⊆ A is a subcoalgebra of A containing a. Then σA(a) ⊆ S.
Proof. Since S is a subcoalgebra of A, there is a transition structure χ :
S F (S), such that the canonical inclusion map i : S A is a coalgebra-
morphism from S = 〈S, χ〉 to A. Now take t ∈ σA(a). From a ∈ S and
i(a) = a it follows that t ∈ σA ◦ i(a), so by naturality of σ, t ∈ i ◦ σS(a). This
means that there is a u ∈ S, such that u ∈ σS(a) and i(u) = t, hence t ∈ S.✷
Proposition 3.8 Assume F is a κ–bounded relator, and let σ be an F–skip.
Then σ is κ–bounded, i.e. for all F–coalgebras A and a ∈ A, |σA(a)|  κ.
Proof. If F is κ–bounded, then for everyA and a ∈ A, there is a subcoalgebra
Sa of A containing a, and Sa is of cardinality less than or equal to κ. By
Lemma 3.7, σA(a) ⊆ Sa, whence |σA(a)|  |Sa|  κ. ✷
Similarly, let us investigate the boundedness of E–skips for extensions E
of a functor F .
Lemma 3.9 Let F be a bounded relator, A be an F–coalgebra and E =
〈F̂ , (̂−)〉 be an extension of F . Assume further that ρ is an E–skip. Then
for every subcoalgebra S ⊆ A with inclusion morphism i of A, and every
f ∈ F̂ (S), |ρA(F̂ (i)(f))|  |F̂ (S)|.
Proof. Similar to the proof of Lemma 3.7. ✷
Proposition 3.10 Let F be an M1–bounded relator and E = 〈F̂ , (̂−)〉 be an
extension of F such that F̂ is M2–bounded. Then there is a set C such that
for every E–skip ρ and F–coalgebra A, ρA ◦ α is |C × (M1)M2|–bounded.
Proof. Similar to the proof of Proposition 3.8 using the previous lemma. ✷
Deﬁnition 3.11 Let F be a bounded relator. Then an abstraction A =
〈σ,E, ρ,G, η〉 isM–bounded if and only if the extension F̂ of F isM–bounded.
An observer O = 〈Ai〉i∈I for F is M–bounded if and only if for all i ∈ I, Ai is
M–bounded.
Theorem 3.12 Let F be an M1–bounded relator, and O be an M2–bounded
observer for F . Then there is a cardinal κ such that the family of relations
(αo)A indexed by F–coalgebras is κ–bounded.
Proof. Immediate by Lemma 3.6(ii) and Propositions 3.8 and 3.10. ✷
Corollary 3.13 Let F , O and κ be as in the previous theorem. Then
(1) SetOF is equivalent to a full subcategory [Set
O
F ] of SetPκ◦O.
(2) The ﬁnal object of [SetOF ] in RelO is the ﬁnal object of [Set
O
F ] in SetPκ◦O.
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Proof.
(1) Theorem 3.12 shows that the family of relations (αo) indexed by F–
coalgebras is κ–bounded for some κ. Hence, for all A and a ∈ A,
|αo(a)|  κ. Consequently αo can equivalently be seen as a function
A Pκ(O(A)). Thus the category [SetOF ] of observable parts of F–
coalgebras with respect to O is a full subcategory of SetPκ◦O.
(2) Immediate from (1) and the construction of the ﬁnal object of [SetOF ] in
RelO, see Theorem 2.21.
✷
Proposition 3.14 Suppose F is an M1–bounded functor, O is an M2–boun-
ded observer for F and κ is the bound for the observable parts of F–coalgebras
with respect to O given by Theorem 3.12. Then
(1) the Functor O =
∑
i∈I G
i is bounded by (M2)
∗; and
(2) Pκ ◦O is bounded.
Proof.
(1) By Lemma 3.6(i), for every abstraction Ai in O, Gi isM2–bounded, hence
M2–small. It is easy to see that then O =
∑
i∈I G
i is M2–small, hence by
Theorem 3.4 (M2)
∗–bounded.
(2) If κ is ﬁnite, then Pκ is N–bounded. Hence by Lemma 3.5 Pκ ◦ O is
(N ×M2)∗–bounded. If κ  ω, then Pκ is κ–bounded, hence Pκ ◦ O is
(κ×M2)∗–bounded.
✷
4 Modal Logics for Bisimulations
In this section we present an approach to modal logics that characterise O-
bisimulations for a given O. Since O–bisimulations are deﬁned as bisimula-
tions between the observable parts of coalgebras in RelO, and since RelO is
concretely isomorphic to SetP◦O, it suﬃces to ﬁnd logics that characterise
bisimulation in SetP◦O.
While it is possible to do so by using well-known approaches, e.g the ap-
proach of Martin Ro¨ßiger from [Ro¨ß00a] if O is a Kripke-polynomial functor
or the approach of Dirk Pattinson from [Pat01] if Pκ ◦ O admits a complete
pair, we will focus on another approach, combining ideas from the former with
concepts of the latter.
To justify this, observe that Ro¨ßiger’s approach requires the functor to
belong to a certain class of syntactically deﬁned functors which does not ﬁt
well with our approach of deﬁning observable parts of functors and coalgebras
by naturality conditions. On the other hand, Pattinson’s approach lacks a
complete characterisation of the class of functors that admit a complete pair.
For instance for the functor P(Id × Id) it is, up to our knowledge, unknown,
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whether or not a complete pair exists. Unfortunately, when deﬁning branching
bisimulation in our approach a similar functor comes into play, rendering the
direct use of Pattinson’s ideas impossible.
In the following we propose a two-sorted approach to modal logics for
O–bisimulation. For this approach it is required that the functor F and its
observer O are bounded. It then suﬃces to deﬁne a logic that characterises
bisimulation in SetPκ◦O for some κ as in Theorem 3.12.
Syntax and Semantics
Let λ be a cardinal, M a set of natural accessors and At a set of attributes
in the sense of [Pat01], i.e. At is a set of subsets of O(1). Deﬁne two modal
logics: LO(M, At, λ) is given by the grammar
ϕ ::= a |
∧
Φ | ¬ϕ | ✷µψ
and simultaneously LP(M, At, λ) is the language of the grammar
ψ ::= ¬ψ |
∧
Ψ |  ϕ
where a ∈ At, and µ ∈ M, Φ is a set of formulae from LO with cardinality
less than λ, and Ψ is a set of formulae from LP with cardinality less then λ.
The semantics of a formula ϕ with respect to a P◦O–coalgebra A = 〈A,α〉
for formulae from ϕ ∈ LO(M, At, λ) is a subset of O(A). As boolean connec-
tives are treated as usual, let us restrict our attention to the propositional
variables and modalities:
[[a ]]A = {o ∈ O(A)| O(!)(o) ∈ a}
[[✷µψ ]]A = {o ∈ O(A)| ∀a ∈ µA(o).a ∈ [[ψ ]]A}
where ! : A 1 is the unique function from set A to the singleton set 1.
Simultaneously, the semantics of ψ ∈ LP(M, At, λ) is deﬁned as a subset of
A given by
[[ϕ ]]A = {a ∈ A| ∀o ∈ α(a).o ∈ [[ϕ ]]A}.
The standard abbreviations are given as usual: ✸µψ = ¬✷µ¬ψ, and ✸+ϕ =
¬¬ϕ for the modalities and ⊥ = ¬∧ ∅ for the formula that is always false.
We write a |=A ψ if a ∈ [[ψ ]]A and o |=A ϕ if o ∈ [[ϕ ]]A. Additionally, by P(o)
we denote the subset of At which holds in o ∈ O, i.e.
P(o) = {a ∈ At| O(!)(o) ∈ a}.
It is also possible to deﬁne the semantics of a formula with respect to an
observer. Given a bounded relator F , a bounded observer O, an F–coalgebra
A, and a ∈ A, O is the functor determined by O as in Deﬁnition 2.14. For
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a set M of natural accessors for O and a set At of subsets of O(1), one can
construct the languages LO(M, At, λ) and LP(M, At, λ) for the functor P ◦O
as above. We then write a |=OA ψ for ψ ∈ LP(M, At, λ) if and only if a |=Ao ψ.
Invariance under Bisimulation
Next we prove that bisimilar states of SetP◦O-coalgebras A and B fulﬁl the
same formulae in LP(M, At, λ), and use this result to prove that O–bisimilar
states fulﬁl the same formulae.
Lemma 4.1 (Morphisms preserve Semantics) For all P ◦ O–coalgebra-
morphisms f : A B, ψ ∈ LP(M, At, λ), and a ∈ A, a |=A ψ if and only if
f(a) |=B ψ.
Proof. By simultaneous induction over the construction of formulae from
LO(M, At, λ) and LP(M, At, λ) we will additionally prove that for all o ∈
O(A) and ϕ ∈ LO(M, At, λ), o |=A ϕ if and only if O(f)(o) |=B ϕ.
Induction base: Assume ϕ = a ∈ LO(M, At, λ) for a ∈ At. Then o |=A a
if and only if O(!A)(o) ∈ a if and only if O(!B) ◦O(f)(o) ∈ a (since !A =!B ◦ f)
if and only if O(f) |=B a.
Induction step: As it is clear that morphisms preserve semantics of boolean
connectives, we will only demonstrate the proof for modalities. For the induc-
tion hypothesis assume the conjectures hold for some ϕ ∈ LO(M, At, λ) and
some ψ ∈ LP(M, At, λ). Let o ∈ O(A), a ∈ A and consider the construction
of formulae with modalities in LO(M, At, λ):
o |=A ✷µψ ⇐⇒ ∀a ∈ µA(o). a |=A ψ
⇐⇒ ∀a ∈ µA(o). f(a) |=B ψ by induction hypothesis
⇐⇒ ∀b ∈ f(µA(o)). b |=B ψ
⇐⇒ ∀b ∈ µB(O(f)(o)). b |=B ψ by naturality of µ
⇐⇒ O(f)(o) |=B ✷µψ
and for modalities in LP(M, At, λ)
a |=A ϕ ⇐⇒ ∀o ∈ α(a). o |=A ϕ
⇐⇒ ∀o ∈ α(a). O(f)(o) |=B ϕ by induction hypothesis
⇐⇒ ∀o′ ∈ O(f)(α(a)). o′ |=B ϕ
⇐⇒ ∀o′ ∈ β(f(a)). o′ |=B ϕ since f is a homomorphism
⇐⇒ f(a) |=B ϕ
✷
Theorem 4.2 Let A and B be P ◦ O-coalgebras, a ∈ A and b ∈ B. Then
a↔ b implies that for all ψ ∈ LP(M, At, λ), a |=A ψ if and only if b |=B ψ.
Proof. Assume a ↔ b. Then there is a relation R ⊆ A × B with 〈a, b〉 ∈ R,
and a transition structure ρ : R P(O(R)), such that the projections π1
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and π2 from R to A and B are homomorphisms from R = 〈R, ρ〉 to A and B,
respectively. Now let ψ ∈ LP(M, At, λ). Then
a = π1(〈a, b〉) |=A ψ ⇐⇒ 〈a, b〉 |=R ψ
⇐⇒ b = π2(〈a, b〉) |=B ψ.
✷
Corollary 4.3 Assume F is a relator, O is an observer for F , A and B are
F–coalgebras and a ∈ A and b ∈ B. Let M be a set of natural accessors and
At be a set of attributes of O, and let λ be a cardinal. Then a ∼↔O b implies
that for all ψ ∈ LP(M, At, λ), a |=OA ψ if and only if b |=OB ψ.
Proof. If a ∼↔O b wrt. coalgebras A and B, then a ↔ b wrt. coalgebras Ao
and Bo. Hence, for all ψ ∈ LP(M, At, λ), a |=Ao ψ if and only if b |=Bo ψ, and
thus a |=OA ψ if and only if b |=OB ψ. ✷
The remainder of this section is devoted to proving expressiveness of the
logic LP(M, At, λ). Expressiveness of LO(M, At, λ) is a corollary.
Expressiveness
In [Pat01], D. Pattinson deﬁnes the notion of a complete pair (M, At) of a set
of natural accessorsM and a set of attributes At for a functor F . Intuitively,
such a pair is called complete if for every set X, every element f ∈ F (X) can
be uniquely determined by its successors (via natural accessors from M) and
the attributes from At that hold in f . For our purposes, it suﬃces to use the
characterisation that every complete pair (M, At) of a functor F induces a
monic natural transformation η : F P(At)×∏µ∈MP.
Lemma 4.4 Suppose F and G are functors such that there is a monic natural
transformation η from F to G, and let A = 〈A,α〉 be an F–coalgebra. Let A′
denote the coalgebra given by 〈A, ηA ◦ α〉. Then R ⊆ A× A is a bisimulation
equivalence on A if and only if it is a bisimulation equivalence on A′.
Proof. ”⇒”: See Theorem 15.3 in [Rut00].
”⇐”: Suppose R is a bisimulation equivalence on A′. For proving that R is
a bisimulation equivalence onA consider the canonical G–coalgebra-morphism
f : A′ A′/R into the factor A′/R = 〈A/R, γ〉 of A′ by R.
Next we show that the function f is an F–coalgebra-morphism from A
to a coalgebra 〈A/R, δ〉, for δ deﬁned as δ([a]R) = F (f) ◦ α(a). This δ is
well-deﬁned, since for a, b ∈ A,
〈a, b〉 ∈ R =⇒ f(a) = f(b)
=⇒ (γ ◦ f)(a) = (γ ◦ f)(b)
=⇒ (G(f) ◦ ηA ◦ α)(a) = (G(f) ◦ ηA ◦ α)(b)
=⇒ (ηA/R ◦ F (f) ◦ α)(a) = (ηA/R ◦ F (f) ◦ α)(b) η natural
=⇒ (F (f) ◦ α)(a) = (F (f) ◦ α)(b). η mono
316
Rothe and Masˇulovic´
Then f is a coalgebra-morphism from A to 〈A/R, δ〉, since
(δ ◦ f)(a) = δ([a]R) = (F (f) ◦ α)(a),
whence ker(f) = R is a bisimulation equivalence on A. ✷
Lemma 4.5 Let O be a relator that admits a complete pair (M, At), and
let A be a P ◦ O-coalgebra. Then an equivalence relation R ⊆ A × A is a
bisimulation on A if and only if for all 〈a, b〉 ∈ R
(1) for every r ∈ α(a) there is an s ∈ α(b), such that
(a) P(r) = P(s);
(b) for every µ ∈M with x ∈ µ(r) there is a y ∈ µ(s), such that 〈x, y〉 ∈
R; and
(c) for every µ ∈ M with y ∈ µ(s) there is an x ∈ µ(r), such that
〈x, y〉 ∈ R; and
(2) for every s ∈ α(b) there is an r ∈ α(a), such that
(a) P(r) = P(s);
(b) for every µ ∈M with x ∈ µ(r) there is a y ∈ µ(s), such that 〈x, y〉 ∈
R; and
(c) for every µ ∈ M with y ∈ µ(s) there is an x ∈ µ(r), such that
〈x, y〉 ∈ R.
Proof. By assumption, O admits a complete pair, hence by Proposition
6.2 in [Pat00], there is a monic natural transformation η : O P(At) ×∏
µ∈MP. Since the Set-endofunctor P preserves monos, and every compo-
nent ηX of η is monic, the family of relations P(η) given by P(η)X = P(ηX) :
P(O(X)) P(P(At)×∏µ∈MP(X)) is natural and monic.
Now apply Lemma 4.4 to obtain the result that a ↔A b if and only if
a ↔Â b, where Â = 〈A, α̂〉 = P(ηA) ◦ α, so α̂ has the type A P(P(At) ×∏
µ∈MP). It is an easy exercise, using relation lifting for the powerset-functor
P (cf. [Jac01]), to show that R is a bisimulation between P(P(At)×∏µ∈MP)–
coalgebras if and only if it fulﬁls the conditions (1a)–(2c). ✷
Theorem 4.6 Suppose O is a κ′–bounded functor which admits a complete
pair (M, At) and let A be a Pκ ◦ O-coalgebra with a, b ∈ A. Let λ be the
maximum of κ and κ′. Suppose a |= ψ if and only if b |= ψ for all formulae
ψ ∈ LP(M, At, λ). Then a ∼↔ b.
Proof. Consider the relation
≈ := {〈a, b〉| ∀ψ ∈ LP(M, At, λ). a |=A ψ ⇐⇒ b |=A ψ}.
Obviously, ≈ is an equivalence relation, so it suﬃces to show that it fulﬁls the
conditions (1) and (2) from the previous lemma.
For the proof that ≈ fulﬁls condition (1) let a ≈ b and r ∈ α(a). Now
assume, for a proof by contraposition, that there is no s ∈ α(b) that fulﬁls
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conditions (1a)–(1c). First notice that S = α(b) cannot be empty, because
otherwise b |= ⊥ and a |= ⊥, contradiction. Observe also that |S|  κ.
In the following we construct for every s ∈ S a formula ϕs, such that
r |= ϕs and s |= ϕs. Then ϕ =
∧
s∈S ϕs is a formula of LO(M, At, λ), since
|S|  κ, and r |= ϕ, but there is no s ∈ S such that s |= ϕ. Hence, a |= ✸+ϕ
and b |= ✸+ϕ, contradicting the assumption that a ≈ b. This shows that there
must be an s ∈ S, fulﬁlling (1a)–(1c).
Assume that s ∈ S does not fulﬁl all conditions. Then at least one of the
conditions must be violated. Construct ϕs as follows:
(1) In case P(r) = P(s), there must be at least one separating attribute
at ∈ At. If at ∈ P(r) and at ∈ P(s), let ϕs = at, which implies that
r |= ϕs and s |= ϕs. In case at ∈ P(r) and at ∈ P(s), set ϕs = ¬at,
which again ensures that r |= ϕs and s |= ϕs.
(2) If the previous case does not apply, but there is a natural accessor µ ∈M,
such that for some x ∈ µ(r) there is no y ∈ µ(s), such that x ≈ y,
construct ϕs as follows:
Consider an arbitrary y ∈ µ(s). Since x ≈ y by assumption, there
must be a formula ψys , such that x |= ψys and y |= ψys . Since O is κ′–
bounded, µ(s) is of cardinality less than κ′, thus ψs =
∧
y∈µ(s) ψ
y
s is a
formula of LP(M, At, λ). Furthermore, x |= ψs and for all y ∈ µ(s),
y |= ψs. This implies that r |= ✸µψs and s |= ✸µψs. Thus, ϕs = ✸µψs
has the announced property.
(3) Finally, if the two previous cases do not apply, there must be a µ ∈ M,
such that for some y ∈ µ(s) there is no x ∈ µ(r), such that x ≈ y.
By deﬁnition of the relation ≈, for every x ∈ µ(r), there must be a for-
mula ψxs , such that x |= ψxs and y |= ψxs . As argued above, µ(r) is of car-
dinality less than κ′, hence ψs =
∧
x∈µ(r) ψ
x
s is a formula of LP(M, At, λ)
and y |= ¬ψs whereas for every x ∈ µ(r), x |= ¬ψs. Hence, r |= ✷µ¬ψs
while s |= ✷µ¬ψs. Therefore, set ϕs = ✷µ¬ψs.
The proof that ≈ fulﬁls condition (2) is similar to the one for condition
(1) and shall be omitted. ✷
Lemma 4.7 Suppose F is a κ–bounded relator, O is a bounded observer for
F , O has a complete pair (M, At), and κ′ is the bound for O given by Propo-
sition 3.14. Let Z be the ﬁnal object of [SetOF ] in RelO and λ be the maximum
of κ and κ′. Assume for z, z′ ∈ Z that for all ϕ ∈ LP(M, At, λ), z |= ϕ if and
only if z′ |= ϕ. Then z = z′.
Proof. By Corollary 3.13, Z is an object in SetPκ◦O. If for all formulae
ϕ ∈ LP(M, At, λ), z |= ϕ if and only if z′ |= ϕ, then z ↔ z′.
By Theorem 2.21, Z is obtained by factoring the observable part of the
ﬁnal F–coalgebra ZF by its largest O–bisimulation. Hence Z is a simple
coalgebra in SetPκ◦O, whence z ↔ z′ implies z = z′. ✷
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Theorem 4.8 Suppose F , O, λ and Z as in the previous lemma, and let A
and B be two F -algebras, with a ∈ A and b ∈ B. Now assume that for all
ψ ∈ LP(M, At, λ), a |=A ψ if and only if a |=B ψ. Then a ∼↔O b.
Proof. Consider the ﬁnal morphisms fA : Ao Z and fB : Bo Z. Then
fA(a) |=Z ψ ⇐⇒ a |=A ψ ⇐⇒ b |=B ψ ⇐⇒ fB(b) |=Z ψ.
for all formulae ψ ∈ LP(M, At, λ) by Lemma 4.1. By Lemma 4.7, fA(a) =
fB(b), hence 〈a, b〉 is an element of the pullback of fA and fB. Since this
pullback is a bisimulation between Ao and Bo, it is an O–bisimulation between
A and B, hence a ∼↔ b. ✷
5 Conclusions
This paper contains a general approach to modal logics for coalgebraic obser-
vation equivalences. To construct our logic, we used two sources of inspiration:
Dirk Pattinson’s work in [Pat01] to deﬁne expressive modal logics for coalge-
bras by semantical analysis of the functor, and Martin Ro¨ßiger’s paper on
many-sorted modal logics for coalgebras of Kripke-polynomial functors.
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